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Abstract. In decision making logic it is often necessary to solve
logical equations for which, due to the features of disjunction and
conjunction, no admissible solutions exist. In this paper an ap-
proach is suggested, in which by the introduction of Imaginary
Logical Variables (ILV), the classical propositional logic is ex-
tended to a complex one. This provides a possibility to solve a
large class of logical equations.The real and imaginary variables
each satisfy the axioms of Boolean algebra and of the lattice. It is
shown that the Complex Logical Variables (CLV) observe the
requirements of Boolean algebra and the lattice axioms. Suitable
definitions are found for these variables for the operations of
disjunction, conjunction, and negation. A series of results are
obtained, including also the truth tables of the operations disjunc-
tion, conjunction, negation, implication, and equivalence for com-
plex variables. Inference rules are deduced for them analogous to
Modus Ponens and Modus Tollens in the classical propositional
logic. Values of the complex variables are obtained, corresponding
to TRUE (T) and FALSE (F) in the classic propositional logic. A
conclusion may be made from the initial assumptions and the
results achieved, that the imaginary logical variable i introduced
hereby is “truer” than condition “T” of the classic propositional
logic and i — “falser” than condition “F”, respectively. Possibili-
ties for further investigations of this class of complex logical
structures are pointed out.

1. Introduction

Various types of logical equations are beginning to
play still more important role in the last decade in the de-
velopment and application of different decision support
systems. In some of these equations, where the operations
disjunction and conjunction are applied, there are no admis-
sible solutions, which seriously hinders their usage. Propo-
sitional logic is well examined [1,2] and it has a developed,
up-to-date apparatus to be applied to various areas of knowl-
edge. A good example of this is the decision making logic
[3] which is also based on its principles. Recently the so-
lution of different classes of logical equations is necessary
in different application areas.

An approach is proposed in the present work, which
provides a possibility to avoid the existing difficulties - due
to the specificity of defining the logical operations disjunc-
tion and conjunction very often a solution of these equa-
tions cannot be found.

As an example, the following equation of proposi-
tional logic may be pointed out:

1) FAX=T,

where X is a logical value which accepts one of the two
states — True (T) or False (F).

It is evident that within the frame of the classical
propositional logic, there is no such value of X, X e {7, F}.
for which the requirements of equation (1) are satisfied.

An analogy to this condition may be sought in the
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number theory, in which equations of the following type
exist:

@) 2=-1;x=~-1

Equation (2) has no solution within the frame of the
real numbers theory, since no real number exists that raised
by square gives a result of — 1. This leads to extending the
range of the real numbers and to transition to complex ones

through the introduction of the imaginary unit i (7 = — 1).
The general appearance of the complex number z is:
(3) z = a+tbi;

where a and b are real numbers.

The complex numbers theory turned out to be an
exclusively appropriate scientific abstraction whose results
led to successful solution of a series of problems in the area
of science, engineering and economy.

2. Imaginary Logical Variables

Imaginary valued variables are considered in [9], but
in an essentially different way, and [10] and [11] concern
the classical Aristotelian logic.

It is expedient the same approach to be used, and a
solution of equation (1) to be found by introducing an
imaginary logical variable in the following way:

@ FAi=T,

«—>9

where “=” stands as usually, for “by definition”.

State i and its negation —i are a part of the set of the
possible imaginary states
5) 1= {i —i}.

The Imaginary Logical Variable (ILV) p may be in one
of the two states

6) pe {i —i}.

In [5] the authors suggest imaginary logical variables,
but in the so called quaternion logic, which is substantial
from the present approach.

The classical logical variable

(7) x e X={T, F}
will be further referred to as Real Logical Variable (RLV).

On the base of relation (4) and by the logical opera-
tions disjunction (v, conjunction (A) and negation (—), the
complex logical variable (CLV) will be introduced, which is
of the type:

(8) g =x,v ;g =x,APpy;
where x and x, are RLV or their negations, and p, and p,
— ILV or their negations. The set of all possible complex
logical variables will be denoted by

9 G=1{g;g - & -}

Real logical variables of propositional logic sequen-
tially correspond to the algebraic structures of symmetric
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Table 1

No Axiom No Axiom
1. av(bve)=(avb)ve 8. an(bac)=(anb)rc
2. avb=bva 9. anb=baa
3. ava=a 10. ana=a
4. av0=a 11. anl=a
2. an(bve)=(anb)v(anc) 12. av(bac)=(avb)a(ave)
6. an0=0 13. avl=l
7. av—-a=1l 14. an—-a=0

idempotent semi-ring Boolean algebra and a lattice [4].
The Boolean algebra B, = (B’,, v, A, =, 0, 1) isa

structure of two binary operations v and A, negation,
identity elements 1 and O respectively. It is a symmetric
idempotent ring, in which for each element x a complement
—x exists, such that

(10) xv—x=I; x A x =0.

Boolean algebra axioms may be written down in
table 1.

Three important properties follow from the above
axioms:

a) The complement operation is symmetric, i.e.,

(11). 7a = a;

b) For each a the complement —a is unique;

c¢) The following rules, called de Morgan’s laws, exist:

(12) «(avb)=—ar—b; —(arb)=—av—b.

If the property “absorption”

(13) av(aanb)=a an(avb)=aqa,
is added to the above stated axioms, then we reach the
algebraic structure lattice.

There are no difficulties in principle, the imaginary
logical variables to satisfy, like the real ones, the axioms
from table 1 and the relations from (10) up to (13), i.c., the
requirements of the symmetric idempotent semi-ring are
satisfied in them also, as well as the requirements of

Boolean algebra B, = (B', v, A, =, 0, 1), and of a lattice.
At that, as a difference from the RLV variable, the
parameters 0 and 1 (identities) will be distinguished from
those in B,.

Hence, the RLV within the frame of Boolean algebra
B, and the ILV — in Boolean algebra B, function indepen-
dently from each other in the corresponding algebraic struc-
tures. At that always and p € {i, —i}.

3. Connecting RLV and ILV

The complex logical variables may be considered as
connecting members between RLV and ILV. In the case
considered this link is equation (1).

It follows that a way should be defined, in which the
logical operations with complex logical variables are per-
formed, and define the frames of the algebraic structures, in

which they function. It is expedient to define the operations
disjunction and conjunction between the complex logical
values in the following way:

(14) (x,v p) v (x,v p) = (xv x) Vv (pV p,);

(I5) (x, A p) A (XA p) = (A X) A (DA D);

(16) (x,vp) Ax,=xAXx)V (XAP)

(I7) (x, Ap) vx,=@xVx)A@Yp)

(18) (x, vP)A(x,vP)=((x,Ax,)) V(P AP))V(X,AP)V (x,AP);
(19) (x, AP)V (x,AP)=((x, VX)) APV P))Ax,V P) A (x,V P).

If we introduce the notations:

g =xAP)g=xVvP) g=xAP)g = AP);

X, = (x, VX)),

P,=(PVP)x,=xAX)P,=(PAP), g.=(x,AP);

&~ (xzv Pl); &= (xl A Pz); &~ (xl v Pz); & = (xMV P4);

g0 = (A P).

then the above relations may be represented through the

following CLV:

20) gV g=xv =g &AgTXAPE g,

(21) EINXTXY 8T 85 &Y X,T XN 8T &y

@) g A &= (A PY Vv gV g = g5
&V &=V P) AgAEG =8

It is proper to define the negation with the complex
logical variables similarly to de Morgan’s laws, i.c.,

(23) g, = ~(x, v p)= "X, A ;5
(24) =g, = ~(x,A P)= x, v 7,

It will be shown that the operations v, A and —,
defined through relations (14) up to (24) for the complex
logical variables correspond, both in their real and imagi-
nary parts in particular, to all axioms of table I of Boolean
algebra.

The complement element is defined for Boolean alge-

bras B, and B, above introduced, in the following way for
the real and the imaginary variables:

25) xv x=1,xA x=0; Pv—-P=1;, PA—P=0.

For the real variables the unit has the truth value (T)
and the zero — false (F). For the imaginary variables these
values are i and —i respectively.
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By analogy with (25), the complement for the complex vari-
ables g € G will be defined in the following way:

(26) gVv—g, gAg g€ Ga

where the first relation in (26) plays the role of a unit and
the second — of a zero.

It may be shown that the axioms from ftable I are
observed for the complex logical variables, and namely:

1. Associativity of the disjunction of Axiom 1 directly
follows from relation (14).

2. Commutativity of disjunction is a corollary of
27) (x,v P )v(x,v P)=(x,v x,)V(P v P)=(x,v P)v(x Vv P)).

3. Idempotence of the disjunction for CLV ensues from
28) xvP)vixvP)=xvx)v(PvP)=x vP

4. Distributivity of disjunction concerning conjunc-
tion follows from (16) and (18).

Axioms 6 and 7 are in conformity with the definitions
from (25) and (26). The validity of Axioms from 8§ up to 14
in table 1 about the conjunction of complex logical vari-
ables may be proved in an analogous way.

As in propositional logic, it may be shown that the
following properties of Boolean algebra hold for the com-
plex logical variables too:

a) For each g, its complement —g is unique;

b) A ”symmetry” of the complement exists, i.e.,

(29) ——g =g
Really, if g = x Vv p,

then ——g = —(—(xV p)) = =(—xA—p) =xVv p =g
¢) De Morgan’s laws are valid also for the complex
variables of Boolean algebra and namely, if g, = x, v p,

and g, = x,v p, then
B0) (g, Vv eg) =g A—gy

Bl —@gAg) =—g Vg,

Having in mind that the complex variables and the
operations with them submit to Boolean algebra axioms,
some new results may be received from Relations (4), and
namely:

Proposition 1. A relation exists
32) TAi=T.

If in (T A i) instead of T its equivalent value from the
left hand side of (4) is put, then we obtain
TAi=FADATI=FA@GAD=FAi=T,
which confirms (32).

Corollary. The application of negation and of de
Morgan’s laws to both sides of (4) and (32) results in
33) —(Fai) =T, Tv—i =F,

(34)  —~(TAi) =—T; Fv=i =F.
Relations (4) and (32) may be written in the following
way: for each x € {T, F}
35 xaAi=T.
Relations (33) and (34) lead to the result:
(36) x—I=F.
The truth table 2 for the disjunction from (36) and

table 3 for the conjunction from (35) are of the following
kind:

Table 2
X P g
T —i F
F —i F

Table 3
X P g
T i T
F i T

It follows from (35) and (36) and the two tables above
given, that no matter in what state the logical variable x is,
T or F, its disjunction with —i leads always to false, and its
conjunction with i — always to true.

Proposition 2. The following relation exists:

3) Tvi=Fvi.
If in T v i state i is substituted by its equivalence
i =1v —i from (25), keeping in mind (33),

then
Tvi=Tv(@iv-H)=(Tv—-i)vi=Fvi
which confirms (37).

Corollary. By applying the de Morgan laws sepa-
rately to both sides of (37), we will receive
B A(Tvi)=FaA-i;(Fvi)=TAhiL
It follows from (37) and (38) that for each x € {T, F}
B9 xvi=Tvi=Fvi;

40) xA-i=TA-i=FA~i.

The results obtained provide a possibility for discus-
sion on the values 0 and 1 from (26) and from the axioms
6 and 7 of table 1 for the complex logical variables.

If the CLV g accepts a value F A =i (T A i respec-
tively), or g = T v =i (F v —i respectively), then according
to table 2 and table 3, this complex variable passes into a
real one — x, i.c., it should be considered further only within
the frame of the classic propositional logic, in which the
unit (1) corresponds to T and the zero — to F.

Depending on the logical equations of type (1) and
(32) up to (34), new imaginary variables may arise or through
the same equations turn again into real logical variables.

These are processes analogical to those for the com-
plex numbers.

The complex logical values of the type g = T v i
(F A i respectively) or g = F A =i (T A —i respectively),
which are pretenders for the role of 1 and 0 from (26). In the
accepted way of defining the complex logical variables,
“T v i”, may be identified as 1, and ‘F A =" — as zero. And
really, if
4l) g=Tv i;—g=F A i
then from (26) and (41) after respective transformations
42 gvg=(TvivFA-i)=Tv(EvVvF A0
=Tvi
Q) gArg=Tvi)AEFA-N)=FA(Cian(TvVi)
=F A i

Another conclusion may also be drawn that for the
complex variables (T v i) corresponds to T for the real
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Table 4

No & g} &E=5VE
1 Tvi Tvi Tvi
2 T vi FA-i Tvi
3 FA—i Tvi Tvi
4 FA-i FA-i FA-i
Table 5
No & & &=8AE
1 Tvi Tvi Tvi
2 T vi FA—i FA—i
3 FA—i Tvi FA—i
4 FA—i FA—i FA—i

—(FA=)VEFA=)=TVvi)yv(EFEAiD)=TvIi.

variables, and (F A —i) — to F in the classic propositional
logic. This in its turn provides a possibility to construct
truth tables for the complex variables from (39) and (40) —
table 4 for the disjunction and fable 5 for the conjunction.

Analogically to table 3, the truth of lines 1 and 4
follows from the idempotence of the conjunction and of
lines 2 and 3 — from the equivalence in (43) and the com-
mutativity of its left hand part.

4. Implication and Equvalence

In a similar way, through the CLV (T v i) and (F A i),
a truth table for the implication can be drawn up, and
namely:

Following the method above shown, the following
truth table of the equivalence of the complex logical vari-
ables may be drawn up:

Table 6
No 21 j:3) g3=g158
1 Tvi Tvi Tvi
2 Tvi Fa—i FAai
3 FA—i Tvi Tvi
4 FA—i Fa—i Tvi

Similarly to the real logical variables it may be shown
that for the implication of the complex logical variables it
can be put down:

@) g =g —8 =7¢gVe

And really, for row #1 of table 6, it may be written
down:

I=(Tviyv(T viy=FAr=i)v(Tvi)y=(Tvi),
which follows from (44) and row #3 of table 4.

Row #2 is confirmed by the idempotent relation:
—(Tviyv(F viy=F A=) v (Fv=i)=F A =i).

The same may be written down for row #3 of table 6:

—(FA=D)v(Tvi)y=Tvi)v(Tviy=Tvi

and the last row of the same table follows from the second
row of table 4 and (44):

Table7
No F4l F4) 8:=81 -8
1 Tvi Tvi Tvi
2 Tvi FA—i FA—i
3 FA—i Tvi FA—i
4 FA—i FA—i Tvi

The following relation is true for the complex logical
variables, as for the real ones:

@) g=g~8=@EArg) V(gnrg.
It follows for the first row of table 7 from the
idempotence of conjunction, (42), and (45) that:

g =(TAi)v (FA=i)=Tvi
The truth of the second row of table 7 immediately
follows from relations (42), (43) and (45):

g ((TV ) AFA=DATVDAA(E A=) =(TVI)AF A =i)) = F A —i.

The truth of the third row of fable 7 may be proved
in the same way. The fourth row of table 7, as well as the
first row, follows from the idempotence of conjunction, (42),
(43), and (45).

g =(FA—-i)v(Tvi)=Tvi

Table 7 for the implication provides a possibility, like
in classical propositional logic, to deduce the following two
rules for inference in the complex propositional logic:

1. Modus Ponens

g =Tvig =Tvi
(46) ;
g = Tv i
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2. Modus Tollens

g,=Tvi, g, =Fv—i

@7) g =Fnr—i

5. The Imaginary Logical Variables i
and —i - ilustration

It is not known in what exact interrelation and ratio the
states 7 or —i are found, with T and F respectively, except
for the cases of table 2 and table 3. The following general
conclusion may be conditionally drawn from (4): that i is
“truer” from state T of the real variable, and from (33) — that
—i is “falser” from its state F. These assumptions for the
complex logical variables may be illustrated in the following
way:

The initial vertex of each first arrow shows the start-
ing state of the complex variable and its end vertex — its
second state, which is connected to the first one through
disjunction/conjunction. The final vertex of the second ar-
row shows the result of the corresponding logical opera-
tion. The last two operations in each of the two figures
correspond to the operations (iv—i) and (TVF) in figure I
and (ian—i) and (TAF) — in figure 2.

The property of absorbing, to which the real and
imaginary logical variables obey, was shown in (13). It is
also true for the complex logical variables, and namely:

@) g A(gVE)=85 &VIgAg)=8r
where g, and g, are CLV.
The check of g, =T viand g, = F' A —i for the

A. Disjunction

OEOONO

I Y Y
L N,
Xf \j
N W/
Figure 1
B. Conjunction
f\ A O
\/ N N
N

OO0 00O

Figure 2
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first of the two equalities (48), considering relation (37)

demonstrates:

g A Vv@g)=CvIATVvi)IV(IFA=)=TVvIAFE V=T Vi,
The second equality of (48) may be checked in a

similar way.

6. Conclusions

The complex propositional logic corresponds to the alge-
braic structure “lattice” like the real and imaginary logical
variables. It is evident that a series of results may be ob-
tained in the complex propositional logic, which have ana-
logues in classical propositional logic. Introduction of the
complex logical variables, similarly to the complex numbers,
provides a possibility to resolve logical equations similarly
to that of type (1), which has no solution in classic propo-
sitional logic. The abstraction “complex logical variables”
extends to a given degree the abilities of the classic propo-
sitional logic. This is of importance for the logic decision
making systems, which are actively used in the intelligent
systems, as well as in the systems with artificial intelligence.
There exist quite good attempts for use of complex numbers
in fuzzy logic [6,7], but there the interpretation is quite
different, concerning only the classical complex numbers. In
this paper the notion “complex variable” is used as an
analogy to describe elements of various algebraic struc-
tures, in which propositional logic may be described.
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