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Abstract. In this paper we propose a new class of congruential
pseudo random number generators based on sequences generat-
ing permutations and study Monte Carlo numerical methods for
solving multidimensional integrals and integral equations based
on them. These sequences have been developed for other applica-
tions but our analysis and experiments show that they are appro-
priate for approximation of multiple integrals and integral equa-
tions.

Introduction

Monte Carlo Methods (MCMs) are based on the simu-
lation of stochastic processes whose expected values are
equal to computationally interesting quantities. MCMs offer
simplicity of construction, and are often designed to mirror
some process whose behaviour is understood only in a
statistical sense. However, there are a wide class of prob-
lems where MCMs are the only known computational meth-
ods of solution. Despite the universality of MCMs, a seri-
ous drawback is their slow convergence, which is based on
the O(N-1/2) behaviour of the size of statistical sampling
errors with N samples.

The MCMs are based on use of pseudorandom num-
bers (PRNs) which are constructed to mimic the behaviour
of truly random numbers. If it is necessary, these variables
are later transformed to random variables (vectors) with the
desired distribution. The PRNs are scrutinized via batteries
of statistical tests that check for statistical independence in
a great variety of ways. In addition, these tests check for
uniformity of distribution, but not with excessively stringent
requirements. Thus, one can think of computational random
numbers as either ones that possess considerable indepen-
dence, namely the PRNs, or those that possess consider-
able uniformity –  the quasirandom sequences.

Many studies show that the outcome of the simula-
tion may be sensitive to the random generators being used,
which means that obtaining unbiased estimates requires
careful selection of the random generators. In this paper we
propose and study a new class of congruential pseudo
random number generators based on sequences generating
permutations.

Real-valued random variables ∞
=0jju }{  are i.i.d.

U(0, 1), if for all integers 0≥i  and t >0 the vectors
(ui, ui+1,…, u i+t-1) are uniformly distributed over the
t-dimensional hypercube (0, 1)t.

Such sequences of random variables are generated by
so called Pseudo Random Number Generators (PRNG).
A short introduction to them is given in Section 2.

In Section 3 we describe in brief a new class of PRNGs
based on a special linear recursions modulo prime power.
These recursions have been originally constructed and
studied in order to be applied to areas too far from stochas-
tic simulations, but whose statistical properties have in-
spired (suggested to) us to test whether these recursions
can be utilized by Monte Carlo methods.

The numerical experiments that we have carried out
by using two generators from the proposed new class are:
computing multidimensional integrals, and solving integral
equations. They are described in Section 4. The obtained
results are compared with the results of integrations based
on using Mersenne Twister random number generator.

Preliminaries

The quality of pseudorandom numbers determines the
success of the Monte Carlo computations. A lot of genera-
tors have been proposed and studied during the time
(or in the past years). We start here with the following
definition [6]:

Definition (L’Ecuyer) A PRNG is a structure
( )gUfS ,,,, μ  where

• S is a finite set called the state space;
• μ is the probability distribution on S;

• f : S → S is a function called transition function
starting with a given initial state s0, which is selected
according to the distribution μ, all elements of S are
generated according to si=f(si-1).

• U is the output space;
• g : S → U is the output function: ui=g(si).
The above definition well (corresponds to) fits the

PRNGs used in Monte Carlo simulations. In most such
PRNGs we have

• S = Zk
m, where is the ring of integers modulo m;

• The output set U is i.i.d. U(0, 1) (or U(0, 1)t);
• ui=si/m.
To some extent, the quality requirements for PRNGs

depend on applications to which they are applied. There are
some properties that are relevant to (required by) any
application. Such most important  properties are listed
below.
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Efficiency
The generator has to be implementable by a

deterministic polynomial-time algorithm, i.e., to run in time
bounded by a polynomial of the length of the initial state.
The implementation has to be realized by as few as possible
arithmetical operations and use little memory.

Long period
The period T of the generator has to be a square, or

sometimes a cube of the required number of points, that is,
even for not heavy applications we need T>1018.

Repeatability and Portability
These properties guarantee the ability exactly the same

sequence of random numbers to be generated at different
machines and at a different time. For the purposes of testing
and development these properties are very important.

Uniformity and Independence
They are relevant to the ability to generate  the  i.i.d.

U(0, 1) sequence.
Ability “to skip ahead”
This property characterizes the ability of calculating

uk for large k without generating all values u0, u1, … , uk-1.
It is a property important for parallel realizations.

Pseudorandomness
This is a  very important characteristic for random

number generators. Informally pseudorandomness means
“The generators output has to look random”. This is quite
vague statement and different trends in its understanding
can be observed. Indeed there are three main approaches to
formalization of pseudorandomness:

• Probabilistic (Shannon): Shannon’s information
theory considers perfect randomness as the extreme case
and it is associated with a unique distribution, the uniform
one.

• Computational Complexity (Kolmogorov, Chaitin,
Solomonov): This approach is based on the Kolmogorov’s
computational complexity [5,9].

• Computational Indistinguishability (Blum,
Goldwasser, Micali, Yao, Goldreich): A distribution is pseu-
dorandom if no efficient procedure can distinguish it from
the uniform distribution [2,3].

We will not enter into details since the discussion on
such topics is far from the goals of this paper. Such con-
siderations concern in higher degree cryptography. For
Monte Carlo integration, for example, it is not so important
if the next generated value is unpredictable. We refer the
interested reader to the cited literature.

The most popular types of generators used in MCMs
are:

• Linear congruential: xn=axn-1+c(mod m)
• Shift register: yn=yn-s+yn-r(mod 2); r > s
• Additive lagged-Fibonacci: zn=zn-s+zn-r(mod 2k);
r > s
• Combined: wn = yn + zn (mod p)
• Multiplicative lagged-Fibonacci: xn=xn-sxn-r(mod 2k);
r> s
• Implicit inversive congruential
• Explicit inversive congruential

As examples of often used generator we give the
following PRNGs which are included in the GNU Library:

1)Fifth-order multiple recursive with period 1046:
xn=107374182xn-1+104480xn-5(mod 231-1).
2)Combined multiple recursive zn=xn-yn(mod 231-1),
where xn and yn are 3rd order linear recurrent
sequences modulo 231-1 and 2145483479, respec-
tively. Its period is ≈ 2185.
3)Generalized (lagged) Fibonacci: yn=yn-sθ yn-r, r>s,
where θ is +, -, * modulo m, or xor. If θ is the addition
modulo 2k, then the period is (2r-1)2k-1.
4)Mersenne Twister generator. It is equi-distributed
in 623 dimensions and has period 219937-1106000.
The last generator has recently become popular for

simulation and it has been installed as the default PRNG for
the most used mathematical packages. That is why we have
chosen to compare our random number generator with the
Mersenne Twister generator.

A New Class of Congruential
Generators

Definition [10]. Let S = {sn}n≥0 be a sequence with
terms in a finite ring R. The sequence S is called strictly
balanced (in short SB) sequence, if it is periodic and each
element of R occurs equal number of times in one period of
the sequence. If each element of R appears exactly once in
a period, the sequence S is called sequence generating
permutation (in short SGP).

The period of an SGP sequence is equal to the cardi-
nality |R| of the ring.

Both from algebraic and practical points of view, the
most important case is R = Zpm.

Recall that kth-order homogeneous linear recurrence
sequence, S = {sn}, with constant terms in R is defined by
the recursion
(1)  sn+k=ak-1sn+k-1+ak-2sn+k-2+ … +a1s1+a0sn
and initial terms s0, s1, … , sk-1. It is obvious that any such
sequence over a finite ring is periodic.

Theorem 1 [10]: Let {sn} be a second-order sequence
defined by

(2)  sn+2=asn+1+bsn, (mod pm).
It is an SGP sequence if and only if
(3)  μ(x2-ax-b)=(x-1)2,

where μ: [ ] [ ]xx ppm Ζ→Ζ  for p>2

and
  μ: [ ] [ ]xxm 42 Ζ→Ζ  for p=2.

In the case p=3 the condition u+v≡2 (mod 3), where
a=2+3u, b=-1+3v, has to be added to (3) in order the theo-
rem to be true.

The higher order case is more complicated and the
necessary and sufficient condition cannot be formulated in
a simple form. But if 01
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is the minimal polynomial of the recursion of order 3≥k
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with M=pm, the following conditions are sufficient for
generating an SGP sequence:

• ( )pxxf k mod)()( 1−≡

• 110 −ksss ,,, K  must be different modulo p, e.g.,
0, 1, 2, … , k-1.
Using the Chinese Reminder Theorem we can con-

struct an SGP sequence for any keee
kpppM K21

21= .
Given an SGP sequence {sn} over ZM we can transform

it into a sequence of numbers in [0, 1) dividing each element
by M. Hence the resulting sequence of  M elements is a
permutation of the numbers

(4)  
⎭
⎬
⎫

⎩
⎨
⎧ −= 1210 Mi

M
i ,,,, K .

Consider the second-order sequence with terms in

MΖ , where M=519 defined by sn+2=(510+2)sn+1-5556sn .
We start with s0=0 and s1=1 (or any s1 ≡ 1(mod 5)).

Similarly, the coefficients a1=510+2 and a0=-5556 can be
replaced with any a1≡ 2,  a0≡ -1(mod 5).

Consider the third-order sequence with terms in MΖ
(M=261) defined by

sn+3=(210-1)sn+2+(28+26+1) sn+1 + sn (mod 261).
Any elements s0, s1, s2 of MΖ  such that s0 ≡ 0, s1 ≡ 1,

s2 ≡ 2 (mod 4) are suitable for initial parameters. The
coefficients a2, a1, a0 can be replaced with any a2 ≡ -1,
a1 ≡ 1, a0 ≡ 1 (mod 4) but they should be taken with large
absolute values in order to improve the uniformity of the
distribution of segments (un+1, un+2, … , un+t).

Bellow some features which characterize the proposed
class of PRNGs are listed:

• Good lattice structure can be arranged.

We can make the lower bound 
211

0
2

/−−

= ⎟
⎠
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⎝
⎛∑k

i ia  for the

minimal distance between hyperplanes, dt, sufficiently small
by choosing large coefficients.

• The generators modulo 2m are very efficient.
For instance, the implementation of Example 2 gives a

two times faster generator than the Mersenne Twister. The
generation is realized by shifting and addition and only in
the last step of the algorithm a multiplication by 1/2m is
used.

• There is no theoretical limit for the period.
But in order to keep the advantage in speed and low

complexity of the considered class of PRNGs the period
should be less than 2128 in practical implementation. This is
a relatively short period in comparison to the one of
Mersenne Twister but enough long for many applications.
Indeed we can lengthen the period without enlarging M by
permitting the repetition of the elements of (4).

The proposed class of PRNGs is significantly differ-
ent from algebraic point of view. In contrast to other
congruential generators the minimal polynomial of each
generator is a purely inseparable polynomial (this corre-
sponds to purely inseparable extensions of the basic field).

Computational Experiments

A. Study Case 1: Monte Carlo integration
We have carried out our computational experiments

with the following d-dimensional test integrals:

∫=
d

dxxFI
),(

)(
10

11  and ∫=
d

dxxFI
),(

)(
10

22

where x = (x1, x2, ... , xd) and

∏
=
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d
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ixxF
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The values of I1 and I2 are both equal to 1.
The first of these test functions is taken from Schmid

and Uhl [13]. I2 is known as Roos and Arnold’s example and
it is suggested as a test function by Owen [12].

It is straightforward to calculate the variances 2
1σ

and 2
2σ of F1 and F2:

(5)  [ ] 1
112
121

11 −⎟
⎠
⎞

⎜
⎝
⎛==

d

Fσσ  and [ ]
d

F ⎟
⎠
⎞

⎜
⎝
⎛==

3
4

22 σσ

In partial we have
d=10:        σ1 = 1.07984949546134    σ2 = 4.09362023566092
d=20:          σ1 = 1.92142671333385       σ2 = 17.72954751823117
d=30:          σ1 = 3.02703898016620      σ2 = 74.82423185191648

As it is well known the error of integration tends
asymptotically  to

 [ ] νσ
N

Fe i
iN ≈ ,

where ν  is a standard normal N(0,1) random variable
and σi is the square root of the variance of Fi.

Here are in brief the items we have tested in our
experiments:

• Tested generators: the Mersenne Twister, Example
1, and Example 2;

• Dimensions: d=10, 20, 30.
• Number of points: N=2m where m=10, 11, … , 20.
• 200 calculations have been done for each generator

and for each pair (d, m). The presented value of the error
is the average over these 200 calculations of the absolute
values of the error for each pair (d, m).

The described experiments can be considered as a
continuation of the research given in [1].

B. Obtained results
Two of the obtained results are graphically repre-

sented in figure 1. The term “asymptotic”' is used for the

graph of . The experiments show that

generators from the new class demonstrate modestly even
better behaviour than the Mersenne Twister. The genera-
tors (Examples 1 and 2 and many others not described here)

σi

√N
(N = 2m)
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have been chosen at random. Hence we believe that their
behaviour is intrinsic to all class.

C. Study Case 2: Simulation of Electron
transport

As a second study case we consider the quantum
kinetic equation describing a electron-phonon interactions
in presence of applied electric field [11]. This equation can
be written in the following integral form [11]:

∫∫ ×′′′′+=
G

t

kkKkdtdktkf ),()(),(
0

φ

(6)  
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
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′′′′′′′′+′′′′′′′′∫ ∫
′′ ′′

t

t

t

t

tkfttFkkStdtkfttFkkStd ),(),,,,(),(),,,,( 21

where the kernel is separated in two terms:

(7)  2
23 )(

2
2),( qgVkkK
hπ

=′ ,

Figure 1. Graphical presentations of the experimental results
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Here, k and t are the momentum and the evolution
time, respectively. f(k, t) is the distribution function. ϕ (k)
is the initial electron distribution function. F=eE/h, where

E is the applied electric field. ( )( )1/exp
1

−= KTn
q

q ωh  is

the Bose function, where K is the Boltzmann constant and
T is the temperature of the crystal, that corresponds to an

Figure 2. Solutions |k|f(0, 0, kz, t) versus |k|21014m-2, evolution time t=200 fs and at positive direction on the z-axis (left picture),
and at negative direction on the z-axis (right picture). The electric field is 0, 6 kV/cm, and 12 kV/cm and the number of random

walks per point is 1 million
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equilibrium distributed phonon bath. qωh  is the phonon
energy which generally depends on q=k’-k, and

( ) mkk 2/)( 22h=ε is the electron energy. A Frohlich cou-
pling is considered

2/1
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2 1112
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∞ qV
e

iqg
s

q

αα
ωπ h

where ∞α  and sα are the optical and static dielectric con-

stants. The damping factor Γ  is considered independent of
the electron states k and k'. This is reasonable since Γ
weakly depends on k and k' for states in the energy region
above the phonon threshold, where the majority of the
electrons reside due to the action of the electric field. The
solution of the quantum kinetic equation (6) is evaluated by
a Monte Carlo algorithm suggested in [4] and using the
generator described in Example 2.

The numerical tests have been performed on the High
Performance cluster deployed at the Institute of Information
and Communication Technologies of the Bulgarian Acad-
emy of Sciences (IICT-BAS). This cluster has the following
hardware: HP Cluster Platform Express 7000 enclosures with
36 blades BL 280c with dual Intel Xeon X5560 @ 2.8 Ghz
(total 576 cores), 24 GB RAM; 8 controlling nodes HP DL
380 G6 with dual Intel X5560 @ 2.8 Ghz, 32 GB RAM; non-
blocking low-latency 20 Gpbs DDR interconnection via
Voltaire Grid director 2004 switch; two SAN switches for
redundant access to storage; and MSA2312fc with 96 TB
SAN storage, available under /home and /gscratch
filesystems.

The numerical results presented in the figure 2 are
obtained for zero temperature and GaAs material parameters:
the electron effective mass is 0.063, the optimal phonon
energy is 36 meV, the static and optical dielectric constants
are αs = 10.92 and α∞=12.9. The initial condition at t=0
is given by a function which is Gaussian in energy,
(ϕ (k)=exp(-(b1 k

2-b2)
2), b1=96 and b2=24), scaled in a way

to ensure, that the peak value is equal to unity.
A value Q=66×107m-1 is chosen for a radius of  the

integration domain G. The solution f(0, 0, kz, t) is estimated
in 2×96 points that are symmetrically located on z-axes, the
direction of applied field. The truncation parameter ε= 0.001.
The quantity presented on the y-axes in all figures is
|k|*f(0, 0, kz, t), i.e. it is proportional to the distribution
function multiplied by the density of states. It is given in
arbitrary units. The quantity k2, given on the x-axes in units
of 1014/m2, is proportional to the electron energy.

The numerical results show that this class of RNGs
can be used   to investigate the quantum kinetic equation
under consideration.

Conclusion
The study of the consider class of PRNGs is at the

initial stage but the obtained results encourage us to con-

tinue. We are looking for PRNGs in the proposed class that
produced sequences of points that demonstrate high level
of uniform distribution in high dimensional hypercubes.
We cannot recommend yet concrete parameters (i.e., a
concrete generators) since we have not enough knowledge
about the  discrepancy and lattice structure of the gener-
ated sequences. This is the subject of a further research.

Also, we are going to analyze the efficiency of gen-
erators modulo pm, p>2, that are implemented by the
Montgomery arithmetic.
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