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Abstract. This paper proposes a nonlinear feedback path control
law for a bi-steerable vehicle (a four-wheel-steering vehicle designed
to steer the rear wheels always in opposite direction to the front
onesin function o{ the front steering angle/. First, a kinematic model
of the vehicle in error coordinates expressed in a moving reference
frame, which is partially linked to the vehicle rs developed. The
control law is constructed using a backstepping recursive design
technique yielding exponential stabifity of the closed-loop system in
error coordinates and invariant properties with respect to the vehicle
speed. Simulation results illustrate the effectiveness of the proposed
controller.

1. Inlroduction

In recent years, there has been considerable effort in the
development of tracking control lers for automated vehicles with
severa l  conven t iona l  s tee r ing  whee ls .  As  the  con t ro l  o f
nonholonomic wheeled mobi le  robots (WMRs),  in  most  cases,
the control problem is stated for WMRs with two independently
steerable wheels In this case, the motivation of this problem is
ref lected in the fact that the WMR in the plane possesses three
degrees of freedom of motion and should be able to have any
desi red or ientat ion angle a long the path ( the WMRs can be
contro l led to fo l low a path wi th independent  or ientat ion)  In  [1 ] ,
two trajectory tracking control methods for a wheeled mobile
robot with two steering wheels based on a l inearizing feedback
approach and Lyapunov oriented control design were proposed.
Transformation of the kinematic model into two-chain single
generator  chained form was a lso g iven.  The admiss ib le wheels
configurations were investigated to prevent the pure rol l ing and
non-s l ipp ing condi t ions in  the case of  more than two steer ing
wheels.  In  [3 ] ,  feedback contro l  o f  a  mobi le  robot  vehic le wi th
two independently steering wheels has been studied. l t  has been
shown that the input-output l inearization cannot be achieved by
any stat ic feedback. Dynamic feedback has been used for tra-
jectory tracking in order to independently control the posit ion
and orientat ion of the robot vehicle.

Regarding passenger vehic les,  four-wheel-s teer ing (4WS)
systems which are able to control way rotation and lateral motion
independently by control l ing the steering angle of both f ront and
rear wheels have been designed for many years [4 5] In [6]
control algori thms for paral lel steering maneuver (crabbing) and
fol lowing a path with desired orientat ion for a four-wheel-steer-
ing vehic le wi th independent  s teerable wheels were presented

P. Petrov

Recently, there has been increasing interest in designing
a new type automatic car for publ ic individual transport,  tne so
cal led bi-steerable vehicle [7,8]. The parl iculari ty of the steering
system of this vehicle is that the front and rear wheels are
steered always in opposite direct ion in order to offer bretter
vehicle maneuverability. The rear wheels are not independently
steered from the front ones and as a conse0uence, the vehicle
has only two degrees of freedom in the plane as a conventional
front-wheel steering car (FWS) However, comparing the kine-
matic models of these vehicles, dif ferent complexity arises from
the bi-steerable car, in paft icular, when trying to determine a f lat
( l inearizing) output and converl the kinematic model into chained
form. Although the kinematic model of the vehicle is f lat [9],  and
can be converted into chained form, to apply feedback control
based on the chained form representation of the system, we
must overcome the problem of f inding functions that generate a
chained set  of  coord inates for  th is  k ind of  vehic le In  th is  case.
to solve the control problem for a bi-steerable vehicle, an alter-
native which becomes attract ive, is a control scheme based on
a reduced vehic le model .

In  th is  paper ,  we present  a nonl inear  path fo l lowing
control ler for a bi-steerable vehicle. The proposed control law is
constructed us ing a backstepping design technique [1 0]  and is
based on the reduced-order  model  of  the system. Exponent ia l
stabi l i ty of the closed-loop subsystem for the vehicle lateral and
orientat ion err0rs is achieved and, at the same t ime, the system
is invariant with respect to the vehicle velocity, We prove that the
internal dynamics, associated with a part of the system which
has not  be taken in to account  in  the feedback contro l  des lqn,
is local ly exponential ly stable.

The paper  is  organized as fo l lows:  In  Sect ion 2,  the k ine-
matic model of the vehicle is presented. In Section 3, we state
the path fol lowing problem using error coordinates expressed in
a moving reference frame paft ial ly l inked to the vehicle In
Sect ion 4,  the design of  the proposed contro l ler  and stabi l i ty
analysis are given. Simulat ion results are presented in Section
5.  Sect ion 6 conta ins some conclus ions.

2. Vehic le Model
A plan v iew of  the vehic le considered in  th is  paper ,  is

shown in figure 1.
The b i -s teerable vehic le has four  s teer ing and dr iv ing

wheels. The wheels are assumed to rol l  without lateral sl iding
The four wheel steering system has the abi l i ty to steer the rear
wheels always in opposite direct ion to the front ones with a rear-
to-front steering angle rat io n, (0<n <7), To simpli fy the deriva-
t ion of  the vehic le k inemat ic  model ,  we consider  the so cal led
,,two-wheel vehicle model" composed of two virtual wheels placed
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Figure 1. A plan view of a bi-steerable vehicle

at the mid-points of the front and rear wheel axles (points ,4 and
B, respectively), and oriented in the direct ion to the wheels. The
coordinates of a reference point,4 placed at the center of the front
vehicle axle, with respect to an inertial frame Fxy, are denoted
by (x,y). The angle g is the orientat ion angle of the vehicle with
respect to the frame Fxy. The angle o is the steering angle of
the front virtual wheel measured with respect to the vehicle body.
The length of the vehicle is denoted by /.  Using the coordinates
of the reference point ,4, the configuration of the vehicle is
described by four generalized coordinates,g_- [x, y, 0. a]T. The
nonholonomic constraints can be writ ten in the form

( 1 )  A ( q ) q  -  0

where l(q) is a 2,4 full rank matrix of the form

(2)

and q is the vector of general ized velocit ies.

parameterizes the degree of freedom of the system, where y.
is the velocity of point 4 (the rnid-point of the front virtualwheeli
and con is the steering angurar verocity of the front virtual wheel.

3. Problem Formulation

The path fol lowing geometry used in this paper is repre_
sented in figure 7. consider a bi-steerable vehicle moving on
a f lat surface. we assume that the path p is a smooth planar
curve. A reference coordinate frame Rxy, (R(x,, y)), is defined
such that the Bx axis is tangent to the path and oriented in the
direction of motion to follow, and the Ryaxis passes through the
reference point /  crf  the vehicre (a reference frame padial ly
linked to the vehicle). we suppose that the distance between the
points A and R is smaller than the reference curvature radius
p, in point F and, in that way, ensuring that the reference frame
Rxy is  uniquely  def ined (see [11]) .

We introduce a new variable 0o og, 0 + a. Using the
reference f rame Rxy, the error coordinates of the vehicle e = lln
0y €) ' ,  ie,,  the posrt ion and orientat ion of the front vehicle
wheelwith respect to the movrng reference frame Rxyare given
by (see a lso [12])

where er(0 = 0 ( in this paper, we are interested in design-
ing a path tracking ( lateral) control ler for the vehicle).

Differentiating the equality (b) and using (3), in conformity
with the nonholonomic constraints (1), after simple calcula-
t ions, we obtain

0  -  - v ,  *  v 4  c o s  e u  *  v , . L , , . e

d , = v n s i n e u

s i n [ r ( a + 1 ) l

I  cos( na)

where c,= 1/p, is the curuature of the reference path p
at the point B, and v,is the velocity of point R. We assume that
the error coordinates (e,, e) as well as the front-wheel steering
angle u are measured.

The curvi l inear coordinate s, along the reference path can
be determined from the f irst equation of (6) in the form

(7) i ,  = v, = v, (cose ,) l ( l  -  c,€ ,).

Combining eq. (7), the last two equations of (6) and the
last equation of (3), we obtain a kinematic moder of the vehicle
in error coordinates, (en, er),  in the form

/
P

A(q) -l 
- sin(o + a) cos(d + a) o ol

L- sin(9 - na) cos(d - na) lcos(nu) 0 |

[ " , - l  I c o s d ,  s i n d ,  o l l r - . . ,  I(s )  
|  
' ,  

l=  |  
-  s in?,  cosd,  o  l i  y  -  y ,  I

l r , )  L  o  o  t ) l o " - 0 , )

The constraint equation (1) can be
driftless control system

(3)  q  =  B(q ) r t

where the columns of the 4x2 matrix

convertedinto an affine

B(q)

o j
0 l

, l
r l

c ,  c o s  e ,- v , n - - - l 0 n
"  7 - c , . e ,

( 4 )  B G )  =

c o s (  d + a )

s r n (  B * , 7  I
s i n [ (  r - I t a ]

c o s (  n A I

Ir

form a basis of the nul i  space at At,q) The control input
4=Ivt ,aro] t  is  a fu , l  vector  of  indepe^Cert  qu is i -ve loc i t ies which

t
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S , -  :  l ' , '

o , = r , . ( 1  - . ' , e , ) t a n e o

_ 1  - c ' , c ,  s i n l (  n + l \ a 1
i o = 1 ' , 1 -  , -  

-  - c ' ,  l + ( 0 , -
(B)  cos  cd  /  cos(  r r  a  )

( x = a -

We assume that the velocity v^(t) oI the vehicle is str ict ly
pcsr t ive,  bounded,  cont inuous,  that  does not  converge to zero,
and the or ientat ion error  leu le  [0 ,n/2)  Also,  we wi l l  assume
that the reference path is a circle (c,= cte) or a straight l ine
(c, = 0) In this case, using the parameterization (u, ?o) and
given a path P, the path fol lowing problem consists of f inding
a feedback control law for the subsystem composed of the last
three equations of (8) with control input rrr, , ,  such that the

statevector  lEu,e0,  a lT tends to 10,0,  a) t ,  as t ->-  where

a , = a ( c ) = c t e .

4, The Controller
4.1.  Feedback Contro l  Design

In th is  sect ion,  we present  a nonl inear  path fo l lowing
contro l ler  for  a b i -s teerable vehic le descr ibed by the last  three

equations of (8). The referenie velocity y,(4 couto be consid-
ered as a function of t ime and, from (7) i t  fol lows that i t  is

strictly positive for I eu I e 10,rc2) and b, l. b, I fo obtain

a t ime-invariant system, the dif ferentiat ion with respect to t ime

is replaced by differentiation with respect to s,, (ds, = vdt), where

s, is the reference path length drawn by point R of the reference

coordinate frame Rxy (figure 7), In that way, we express the

vehicle equatrons of motion in terms of s, and we denote the

derivation with respect to s, '  by " '  " .  Using s, as an independent

variable instead of the t ime-index f,  the last three equations of
(8) can be writ ten in the form

(e)

where  u=a , . , / v ,

Remark 1. The path fol lowing problem stated in Section

3,  can be formulated in  terms of  s , . ,  namely,  the problem

consists of f inding feedback control law for the subsystem

composed of the last three equations of (8) with control input

ar", such that

lirn e,(s,.) : 0; lirn c,(.s,) - Q. lim u(s,') : ct,
.s,.-)- ,s,-- . t ,-J-

The design st rategy used in  th is  paper  conststs  In  c0n-

st ruct ing a s tabi l iz rng contro l  u  for  the subsystem composed of

the f irst and second equations of (9) Assuming that a is
bounded (exponential stabi l i ty of a to the equil ibr ium state n.
wil l  be establ ished) and measured, we introduce o into the
stabi l izing control u. Applying the designed control law to the
system (9), we prove that the dynamics of a, (the third equation
of  (9)) ,which has not  been taken in to account  in  the feedback
control design, converges exponential ly to i ts equi l ibr ium state
a,. The design procedure is based on a backstepptng recursive
design methodology, which yields exponential convergence of e
and e, to zero.

Frrst,  we present the design of the stabi l izing control u for
the subsystem composed of the f irst and second equations of
(9)  In  our  case,  the beckstepping procedure is  completed
at the second step by f inding a control law which makes the
derrvative of the constructed Lyapunov function negative definite

Step 1. We form the function

1 -
( 1 0 )  v , = ; e i

Using an intermediate virtual control 17,

( 1 1 )  t l t ' . =  t a r t e u  :  -  
i o ' : , '  . , '  k , r o
I  

- L r ( : l

we obtain for  the der ivat ive of  (10)

(1 2) Vi =-ktn, '0

Step 2. Consider the augmented function

(13)  [ ' ,  =  l ' ,  *  
+( Ian 

e u -  / / '  ) '  .

Choosing the contro l  u  in  the form, (  kr r0)

1 -c ,e  , , s in [ (n  + l )a )  k , taneo  :
l l  -  ct.'  

coss, I ccls(na) l- c,e,

- c. (1 - (',€,) cosr eo - k.(taneu- ry') cosr e,

( 1 4 )

the derivative of (13) results tn

lr
(15 )  v !  =  - l r ' r i  -  k . ( ta t t  e ,  .  

; . ) '  
<  o

The contro l  law (15)  y ie lds the fo l lowing c losed' lo0p sys '

tem for the subsystem composed of the f irst and second equa-

t ions of  (9)

e ' ,  - ( 1 - c , € , ) t a n e ,

,  l i ,  tane o
€ e = -  c o s ' e ,  - e , ( 1 - c , e  , ) c o s t e ,

l - c t e 1 ,

- lc.,( taneu + J! 'o t  - ]cosr c'
|  -  L ' t . e  r

l 6
't ?00?

( 1 6 )
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4.2. Stability Analysis

_ From (13)  and ( '15) ,  us ing the Lyapunov stabi l i ty  theory
[ '13,  Theorern 3 1,  p  '101]  i t  fo l lows that  the or ig in  (0,0)  is  an
asymptot ica l ly  s table equi l ibr ium point  for  the c losed- loop sys-
tem (16)  obta ined by apply ing the contro l  law (14)  to  the
subsystem composed from the first and second equations of (9)
Furthermore, exponential stabi l i ty is arso achieved, Indeed, using
(10) ,  (13 )  and  (15) ,  and  choos ing  m =  2k ,and  k ,  )  k , ,  the
fol lowing inequali ty holds

V r '  +  m V ,  <  0 .

a
( 1 e )

+ C

Appl icat ion of  Convergence Lemm a [14,  p.  g1]  ind icates
the exponential convergence tor Vrto zero, i .e.,

( 1 8 )  v ' ( t '  )  <  v r ( O ) e - " "  '

and this in turn implies that e, and euconverge to zero exponen-
t ial ly.

since the dynamics of a has not been taken into account
in the feedback control design, the effectiveness of the proposeo
control ler based on the reduced-order model depends on the
dynarnics of a. Our next step in the stabi l i ty analysis is to
establ ish exponential convergence ol ato the equil ibr ium state
a,, (ot,  is obtained from the third equation of (g) and equation
(14), sett ing u, '= 0 and solving the corresponding tr igonometric
equation with respect to a =u lor 0,= 0, = 0). To study the
stabi l i ty of the internal dynamici of th! closed-loop system (9)-
(14), we analyze the zero dynamics of a, Assuming that
er(s) = eu(s) = 0, a(0) * 0, and substituting u from (14) in
the third equation of (9), we obtain the fol lowing equation for the
zero dynamics of the system

, _ _ s i n [ ( n + 1 ) a ]

/  cos(  n  a)

: -  f  (a ) .

From the geometrical argument, one can show that

(20) c, =
sin[(n +I)a, ]

lcos(na,)

To establ ish exponential stabi l i ty of (19) lo a,, ,  we use the
Lyapunov l inear izat ion method,  ( [13] ,  Theorem 4.4. ,p ,17g) .  Let
a, be an equil ibr ium point for equation (19) Expanding the r ight
site of (19) into a Taylor series about u,and using (20), we
obtain

( 2 1 )  F ' = - . f  ( a , ) p

(22)

_f (a, )

ncosa, + cosl(n +1)a, ]cos@q )
/  cos '  (n  a, )

is the derivative of t(a) with respect to a for a = (x. For
simplici ty, we assume that n is a constant (0<n</). choosing
n = 0.69, (this value is adopted from the rear-to-front anqle ratio
of the CYCAB vehicle[7]),  i t  can be shown that f@,) i  O for
w,l<l.1Srad and the exponential stabi l i ty at the bri 'gin of the

l inear equation (21) fol lows readi ly. since the l inearized equa-
t ion (21) is exponential ly stable, applying the aforementioned
theorem, we can conclude that  the nonl inear  equat ion (1g)  is
also local ly exponential ly stable in the neighborho od ol a..
Remark 2 lt should be noted that the bound of l.l srad tor Vx,l
(corresponding to the reference path with minimal curuature
radius) ,  is  much larger  than the maximar admiss ib le va lue for
the  f ron t  s tee r ing  ang le  o f  the  cycAB veh ic le ,  wh ich  i s
b,,,k 0.4rad [6].  From a practical point of view, h. lshould

be smaller than 0.4rad and inequality f(a,) < 0 is always
satisf ied for a bi-steerable vehicle with n = 0.6g.

5. Simulation Results
simulat ion results were performed to i l lustrate the effec-

t iveness of the proposed control ler. The argorithrn developed in
section 4 was implemented in MATLAB A circurar reference
path wi th radius p,= 5m was chosen for  the s imulat ions.  The
parameters were chosen to be: the base length of the vehicle
| = 2m', n = 0.69,'the control parameters k, = S, k, = 0.2
simulat ion results of the planar vehicle path in the x-y pl ine with
initial conditions e,(0) =1m, eop) = 0rad and a(0) = 0 are
shown in f igure 2.The evolut ion of  the error  coord inates e, ,and
e, with respect to the reference path length s. is presented in
f igure 3.  The evolut ion of  the f ront  and rear  s teer ing angles a
and - na with respect to the reference path length s. is pre-
sented in f igure 4,

When the vehic le is  t ravel ing a long a c i rc le  c f  r -ad is  7,
( in  th is  case,  the instantaneous center  of  ro tat ion of  the ve:  : :
body coincides with the center of the reference path) a c rc 8
of minimal radius p,, in,(p,, in= p,cosa), is drawn by a point
which is placed at the vehicle longitudinal axis between points
A and B. This point can be seen as a point which cuts corner
during the turning maneuver. For p,= 5m (the magnitude of
the reference radius which was used for simulat ion), one ob-
tains p,,, ,  = 4.86m which is quite acceptable from a practical
view point.

6. Conclusions and Future Work

In this paper, a nonl inear path control ler for a bi-steerable
vehicle has been presented. Exponential convergence to zero of
vehicle lateral and orientation errors with respect to the refer-
ence path has been achieved. l t  has been shown that the internal
dynamics, associated with a part of the system which has not

afl
I

dalo=o.

(17)

w h e r e  p o ! ' o - o , ,

and
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Figure 2. Fol lowing a circular path' The path drown by
the vehicle guide point I  in the x'y plane (sol id red l ine),
and the desired path (dashed green l ine). Init ial  condit ions

e,(0) = lm, er(O) = 0 rad and a(0) = 0 rad

Figure 4. Fol lowing a circular path' Evolut ion of the

front and rear steering angles a (green line) and -na (red

l ine, n = 0.69), respectively. Init ial  condit ions er(0) = -1m,

er(0) =' 0.1 rad and a(0) = g

be taken into account in the feedback control design, is local ly

exponentially stable, The results have provided an efficient and

systematic approach to design a non-time based path controller

for a bi-steerable vehicle yielding invariant propert ies wtth re-

spect to the vehicle speed. Simulat ions confirmed the val idity

of the analysis and control ler design.
Our future work wil l  address the problems associated

with the dynamical extension of the proposed control ler in the

presence of unceftainty in the dynamic model of the vehicle,
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