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Modelling and Control of a Wind Turbine
J. Genov, G. Venkov, B. Gilev

1. Introduction

The cost of electricity from wind turbines (WT) de-
pends essentially on the initial investment and very expen-
sive maintenance. Therefore keeping the operating mode
and reducing dynamic loads leading to accidents is essen-
tial to reduce the price of produced electricity.

Wind turbines control is accomplished through chang-
ing the electrical characteristics of the generator and chang-
ing the pitch angle. Also wind turbines are equipped with
systems for regulating the orientation angles of the axis of
the turbine against the wind and against the skyline.

Control systems based on the PID controllers are
applied for power control to several large WT [12].

LQR controllers and a state space observer to control
wind turbine power are used, by changing the angle of
attack of blades [7,13].

The dynamic model of the WT has significant nonlin-
ear characteristics, usually associated with aerodynamic in-
teractions. Thus a controller designed for one operating
point of the turbine may be ineffective and may even have
worse performance in other ones. The design of multiple
controllers for different working points is a possible solu-
tion [4] when controllers are switched with the change of
the respective conditions. This is associated with undesir-
able transient response and therefore is used an approach
for a smooth transition [2].

There are also used adaptive controllers [6], predic-
tive controllers [5] and those based on the use of neural
networks, fuzzy logic and genetic algorithms [2.11].

2. Dynamic Model of Wind Generator

Scheme of the constituting the generator is shown in
figure 1.

2.1. Model of Interaction between the Wind
and Wind Turbine

• Modelling the wind speed
The wind speed is modelled as the sum of the follow-

ing components:

(1) ( ) ( ) ( ) ( )a r g taw tV (t) v v t v t v t v t∞ = + + + + ,
where

va – the average initial speed of the wind;
vr (t) – the component of linear increase in amplitude
       Ar;
vg (t) – the component of the wind gust speed, (under
extreme conditions it is modelled as a stochastic com-
ponent, depending on regional weather);
vtaw (t) – the component takes into account the aero-
dynamic “shadow” of a tower. It causes harmonic
components of the wind speed with frequencies mul-
tiple of the number of blades. In a 3-blade turbine the
component with frequency three times greater of the
turbine speed is essential;
vt (t) – the turbulent component due to roughness of
the blades and wrapping processes. It is seen as a
random process with spectral density which is deter-
mined by several methods:
Relation (1) is approximated as a normally distributed
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Figure 1. Structure of wind turbine
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Abstract. A mathematical model of the system consisting of wind
turbine, gear box and asynchronous generator is presented. The
oscillation of tower tip is modeling. The behavior of the system for
two different wind speeds was studied. One controller, which
provides a mode of frequency stabilization in over-nominal wind
speed, is developed. Then other controller, which provides a mode
of maximum power generation in under-nominal wind speed, is
developed. Provided is switching between two controllers without
adverse transients responds.
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Figure 2. Program module in MATLAB-Simulink to generate
the wind speed through the Kaimal filter [10]
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T1 – the input torque of the gearbox;
T2=T1/igear – the output torque of the gear;
kgen – the torsion stiffness of the generator shaft;
cgen–  the torsion damping coefficient of the generator
shaft;
Ωgen – the angular velocity of the rotor of the
generator;
θgen– the angular position of the rotor of the
generator;
Jgen – the mass moment of inertia of the generator;
Tgen – the electromagnetic moment of the generator.

2.3. Model of Electrical Part of Generator
A model of asynchronous generator with wound rotor

is examined, decomposition by d-q axes was applied, shown
in figure 9. This model is described by a system of differ-
ential equations:
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Lm – the magnetization inductance;
θr = pθe–  the electrical circuit position;
p – the number of pairs of poles;
ωe– the electric frequency;
ωr = Ωgen – the angular rotor frequency;
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Figure 9. Model of asynchronous generator with wound rotor

the indices s, r and ' mean respectively stator and rotor and
stator reduced variables.

2.4. Model of Tower Vibrations
The tower is represented as an elastic beam,

figure 10. The cab is modeled through concentrated in the
tip mass. We consider the axial force load on the turbine
and the distributed load on the tower height f (x, t), deter-
mined by the relationship [3]

(14)   2
D L af (x, t) C k 0,5 V (x, t)D(x)= ρ ,

where: D(x) is the current external diameter of the cross-
section of the tower, kL is the correction factor related to a
cylinder with finite length, CD is an experimentally deter-
mined coefficient of the tower  drag, depending on the
Reynolds number [15].

The Height change in the wind speed is set by the
relationship [8]:

(15) ( )10 0V(z) V z / z α= ,

where: V10 is the wind speed at a height of 10 m;
α the factor takes into account the type of place
(of 0.16 for marine areas and plains to 0.4 for urban
areas);
z0 is the height above the ground to which it is as-
sumed that the wind speed is zero (0,01 ÷ 0,2 m).
The Dynamic behaviour of the tower is described by

the partial non-homogeneous differential equation of fourth
order:

(16) 
2 2 2

b Thrust2 2 2t t
w(z,t) w(z,t) w(z,t)

EI(z) 2n A(z) A(z) f(z,t) F (t) (z L)
z z t t

∂ ∂ ∂ ∂
+ ρ +ρ = + δ −

∂ ∂ ∂ ∂

⎛ ⎞
⎜ ⎟
⎝ ⎠

where ρ, E and nb are respectively the mass density of the
material, the modulus of elasticity and the damping coeffi-
cient, At(x) and I(x) are the area and the moment of inertia,
L is the height of the tower, z is the current vertical coor-
dinate, w is the transverse moving of the beam points, ä is
the Dirac function, δ is the mass of the cab.

The boundary and initial conditions are:

(17)

2 2 2

22 2 2

w(0,t) w(L,t) w(L,t) w (L,t)w(0,t) 0, 0, 0, EI(L) m
z z z z t

w(z,0) 0,             w(z,0) 0

∂ ∂ ∂ ∂ ∂⎛ ⎞= = = =−⎜ ⎟∂ ∂ ∂ ∂ ∂⎝ ⎠
= =&

.

The solution of (16) is found by the finite element
method. For this purpose the beam is divided into N in
number finite elements of length l, with two degrees of
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Figure 10. Model of a tower
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freedom at each node: the moving w(z, t)  and the rotation

w(z, t)(z, t)
z

∂θ =
∂ .

In a separate element geometry and mass characteris-
tics are constant.

Then (16) is transformed into a system of 2N+2 num-
bers of ordinary differential equations of second order:

(18) t t tMq Cq Kq F+ + =&& & ,
where: M, C, K are respectively the mass, elastic and dis-
sipative matrices and their formation is under the approach
described in [14]; qt is the vector of generalized coordinates
with dimension 2N (taking into account the boundary con-
ditions for z=0).

Taking into account the boundary condition for z = L,
for the matrices of mass and wind action  it is obtained
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The element stresses are determined by the relation-
ship:

(20)       ( ) ( )2

x 2

w z, t D(z)z, t E
z 2

∂
σ = −

∂
,

where D(z) is the current diameter of the tower.

2.5. Full Model
In the Simulink-MATLAB environment models of wind

speed, wind turbine, tower, generator and gear box are in-
tegrated. Adding the two PID controllers (from next point)
the full model is obtained as shown in figure 11.

The Wind speed model from figure 2 is placed in a
block named “Wind Model ZA-2”. The Input of this block
is fed with an average wind speed and on the output we
obtain a random realisation of that speed. The turbine’s
model is placed in the block “Wind Turbine”. In the outputs
of this block we obtain mechanical torque and force applied
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Figure 11. Full WT model in the Simulink-MATLAB

at the tower’s tip. The models of electrical and mechanical
part of the generator are located into one block, named
“Asynchronous Machine”. After standard change of vari-
ables the system (18) is reduced to a system of first order
ODE. The resulting system is placed in the block “Tower
Oscillations”. This block simulates the vibrations of tower
tip. “Tracking Characteristic” of figure 12 is placed in the
block “Power (speed)”. This block generates the reference
power by under-nominal wind speed. Since the measured
output power of the generator oscillates a placement of
block “Mean value” is needed. This block averages the
input signal for one period. One PID controller from
figure 11 works in under-nominal wind speed while the
other works in over-nominal wind speed.

3. Control by Two PID Regulators

The main goals of control are the efficiency and high
quality of produced electricity as well as maintaining the
lowest possible dynamic loads in the elements of the sys-
tem. These goals are usually conflicting, which requires
searching for optimal compromissary strategies and solu-
tions. Therefore, the best efficiency is achieved if we imple-
ment a balanced relationship between these goals.

In low wind speed, the generated power is lower than
the nominal output power. So in this area the main task of
the control system is to increase the output power of the
wind turbine. It is known that for one specific wind speed
maximum efficiency is achieved only for one specific gen-
erator speed. Changing the generator’s speed leads to pro-
duction of electric power with variable frequency. For sta-
bilizing the frequency the wind turbine is connected to the
network through AC-DC-AC converter. In these wind tur-
bines the rotor speed can be varied by changing rotor’s
voltage.

In high wind speed the maximum possible output power
is greater than the nominal power of the wind turbine. Thus
the power must be reduced for providing operation without
overloading. The effective method for reducing the gener-

Figure 12. Tracking characteristic
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ated energy is changing the pitch angle β.
The boundary between the two regions is the lowest

wind speed Vnom at which  the turbine reaches nominal
power.

In the first region of control, the wind speed is
Vmin < V∞< Vnom. In this region the pitch angle is zero and
the voltage of the rotor is changed. This is done with the
PID controller which has the following control law

∫ −+−=
t

t
refirefprotor dtPPKPPKu

0

211 )()( ,

where K1
p and K1

i are the proportional and integral gain, and
Pref is the reference output power of the generator, which
is function of wind speed. This power  is determined by the
Tracking Characteristic shown in figure 12.

In the second region of control, the wind speed is
Vnom < V∞< Vmax. In this region the wind speed is enough
for  the generator’s work at nominal power. Hence the PID
regulator controlling the electric part is inactive, while the
PID regulator controlling pitch angle is operational. This
PID regulator makes the following control law

∫ −+−=
t

t
nominomp dtPPKPPK

0

222 )()(β ,

where K2
p and K2

i are the proportional and integral gain, and
Pnom  is the nominal output power of the generator. The aim
of that control is avoiding work with power greater than
nominal.

For the wind speed which is outside the  two con-
trolled regions the generator is turned off.

The two PID controllers are tuned so that when one
of them is operational, the other is off. This is because the
settings are as follows: when one controller produces a
positive control signal, the other produces negative. Be-
sides, after these controllers the function which cut off the
negative control signal is placed and in that case on their
output we obtain zero.

4. Numerical Results

With the model from figure 11 some results are simu-
lated, shown in figures 13-20b.

The behaviour of the system for two different wind
speeds under-nominal and over-nominal was studied –
figure 13.

In accordance with the settings the pitch angle at low
speed is zero and increases at high speed – figure 14. At
low wind speed the output generator power slowly raises
– figure18, due to the change of rotor voltage – figure15.
At the same time by strong wind speeds generates less
power than the maximum possible, which prevents system
overloading.

The settling time of the first controller is about 15 s
– figure 13. Commensurable to that time is the duration of
the transient responses on the second controller –
figure14.
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Figure 13. Wind speed
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Figure 14. Pitch angle
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Figure 15b. Cut of rotor control voltage
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Figure 16a. Mechanical Torque by pitch angle and rotor
voltage shown in figures 13 and 14
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Figure 16b. Mechanical Torque by zero pitch angle and
nominal rotor voltage
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Figure 17a. Electrical Torque by pitch angle and rotor
voltage shown in figures 13 and 14
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Figure 17b. Electrical Torque by zero pitch angle and
nominal rotor voltage
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Figure 18a. Electric Power by pitch angle and rotor voltage
shown in figures 13 and 14
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Figure 18b. Electric Power by zero pitch angle and nominal
rotor voltage
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Figure 19a. Generator Speed by pitch angle and rotor
voltage shown in figures 13 and 14
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Figure 19b. Generator Speed by zero pitch angle and
nominal rotor voltage
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Figure 20a. Vibration of the tower tip by pitch angle and
rotor voltage  shown in figures 13 and 14
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At low wind the torque slightly depends on the con-
trollers – figure 16 and figure 17.

The controllers have small impact of the speed of the
rotor – figure 19.

Due to the control the maximum oscillation of the tip
of the tower decreases by about 20% – figure 20.
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