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but with the plant gain only. The expression (18) is used to
derive a practical formula for choice of the proportional PID

coefficient as a function of the desired phase margin 
 des

olcsP

(19)
 

( ) ( )1190
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p =
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−°= ,

with graphical representation of coefficient k shown on figure 3.
According to figure 3 some standard phase margins are

given in table 1.

2.5. Tuning Algorithm
The following steps are used to tune the PID controller (2):
Step 1. The time-constant  T1 can be chosen as the smaller

value of (12) and (15).
Step 2. Parameters Ti and  Td are calculated from (4)

and (5).
Step 3. Kp is taken from (19) with k from figure 3 for

desired phase margin.

3. A Novel Method for 2DOF PID
Controller Tuning

3.1. Preliminarily Theoretical Notes
One possible way to get over the conflicting CS require-

ments for speed performance and robustness is to use two-
degree of freedom (2DOF) controller:

(20) 
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where b is the weighting coefficient of the reference signal in the
2DOF PID controller proportional part and c is the weighting
coefficient of the reference signal in the 2DOF PID controller
derivative part [1].

The following statements explain the reason for this as-
sumption:

Statement 2. The weighting coefficients  b and c in (20)
do not influence the CS stability.

Proof. Let the transfer function of the closed-loop system
Wclose (s) be defined by

 ( ) ( )
( )sr
sysWclose = .

Respectively the expressions of y and u  are presented in
the form:
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the following expression is formed

(21) 
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The Statement 2 is true because the characteristic poly-
nomial in (21) does not depend on the weighting coefficients b
and c in (20).

According to this statement the following remark is done:
Remark 1. The coefficients b and c in PID controller (20)

can have any real values but not just the standard b, c ∈ [0,1] .
Obviously the very proper values of the weighting coeffi-

cients for the reference signal in P- and D- part of (2) are result
from the traditional engineering concepts and presumptions in
order to avoid high overshoot in step response or non-minimal
phase dynamics, rather than any mathematical considerations.

Statement 3. The coefficients b and c in (20) do not take
part in the sensitivity function, but only in the complement sen-
sitivity function.

Proof. According to the traditional definitions the sensitivity
function  S(s) is

 ( ) ( )
( )

( )















+++

==

sWsT
sT

K
sr
sesS

plantd
i

p
111

1

,

where e(s) = r(s) - y(s) is the CS error, and the complementary
sensitivity T(s) is
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So, the proof of the statement stands for reason.

3.2. Task Formulation and its Theoretical
Solution

The authors plan to use the formulated statements in
section 3.1 for tuning the b and  c coefficients independently
both from the other coefficients of the PID controller (20) and the
model parameters in (1) in the following way:

First, the algorithm from section 3.1 is to be applied for

Desired phase 
margin des

olcsP  (deg)  
Necessary pK  

- 45 2)( 1TGK olcsnp =  

- 60 3)( 1TGK olcsnp =  

- 75 6)( 1TGK olcsnp =  

 

Table 1. Kp for desired phase margin
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tuning the basic PID parameters Kp, Ti and Td. At this stage the
sensitivity function is implicitly limited. Second, the coefficients
b and c as functions both of the already tuned PID parameters
(20) and the parameters of the plant model (1), are to be tuned
in order to maximize the CS speed performance for overshoot
under 20%. This task is a subject of formulation and solution.
The authors approach to the task goes through the idea that the
desired quality of the PID control can be assured by CS (21) with
minimum inertia of the reference signal transforming into output
one. To realize this goal (theoretically zero overshoot) it is
necessary the poles and the zeros of (21) to be cancelled. In
practice the solution is a result of approximation both in the
model (mainly because of the time delay) and in mathematical
expressions (mainly because of simplification), so some over-
shoot of the CS output for the step reference can be observed.

Let replace Wplant(s) in (21) with Wm(s) (1) plus first order
Pade approximation of the time delay in (1), and then apply the
PID controller (3), (4) and (5). The result will be the following
expression:

(22)
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The CS with standard PID (c = b = 1) has the transfer
function:

(23)

 
( )

( )











+










+−++










−++






 −++

=

1
22

11

2
1)1)(1(

1
12

1
1

1

sTL
KK
TTLsT

KK
TTTs

s
L

TssTKK
sW

popo

po
close .

Its PID parameters are tuned applying the algorithm from
section 2. But a faster CS (22) can be designed with no waste
of its robustness or gain margin by tuning the additional param-
eters b and c of the control low (20) in the following way: the
zeros in (22) have to compensate the zeros in (23) modified by
the increased with χ ³ 1 value of the time-constant T1, i.e. the
multiplier (χT1s + 1) takes place in (23) instead of (T1s + 1).

Then after  ( )( ) ( ) 111 1
2

11 +++=++ sTTsTTTssT  an equation is got
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Taking into account that an CS output signal over-
shooting due to the increasing value of the PID D-part or/
and a large control due to the value of the PID P-part may
occur, so the choice of χ has to be balanced.

4. Comparative Study

4.1. Minimum-phase Plant with Time-delay
The plant is described by the transfer function:

 ( ) ( )( )( )
se

sss
ssW 4

1317110
12 −

+++
+= .

The tree-parameter plant model (1) is identified using the
original software system PIDBul:

K0 = 1, T = 12.8499 s, L = 9.4425 s.
Step 1. In conformity with the algorithm in section 2.4 and

using the control signal constraints [0,5] we chose the bigger
time-constant T1 = 4.3681 in order to use the more aggressive
PID tuning based on a model with too big time delay. The
corresponding PID parameters are

Kp = 0.85, Ti = 17.2180 , Td = 3.2599.
Step 2. After the choice of various b and c values (table

2) the CS signal behaviour are shown on figure 4.

For the same plant dynamics the well-known Astrom-
Hagglund (AH) tau-method  [1] for maximum sensitivity M=1.4
gives the following PID parameters:

Kp = 0.5460, Ti = 13.2469 , Td = 3.4431, b = 0.7134.

It is important to mark that both methods ensure very
close:

• normalised gain margin  89.6== pm
n
m KKGG  as the

maximum value of the CS gain which preserves its stability.

• maximum value of the sensitivity function

 ( ) 9999.0max =ω
ω

S  as a measure of CS robustness (if

 ( ) 1max ≤ω
ω

S )

The corresponding CS signals of both methods are given
on figure 5.

The full indices of the comparative study can be found in
table 3 in spite of the very similar corresponding sensitivity
functions on figure 6.

Method Rise 
Time, s 

Settling 
Time, (2%), s 

σ , 
% 

( )tu
t

max

 
proposed 13.9 24.7 0.321 3.45 

AH 37.4 62.8 0.861 1.05 
 

Table 3. Comparative study indices

b c Settling 
Time 
(2%),s 

Rise 
Time, 

s 

σ ,
% 

( )tu
t

max

 

1 1 64.1 29.9 0 1.32 
1.25 2 55.7 22.4 0 2.37 
1.51 3 24.3 13.8 1 3.45 
1.76 4 45.2 9.24 11 4.52 
 

Table 2. CS signal behaviour
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4.2.  Non-minimum Phase Plant
A linearized model of a hydro generator has the following

description

(25)   
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with kt = 0.468, kg = 1.6, Tc = 0.47 s, TΓ = 10.1 s,  T1 = 5.58s
and  T2 = 5.17 s.

The result from 3-parametrical identification by authors�
tuning system PIDBul is K0 = 0.748675, Tm = 11.69637s,
τm = 8.856241s.

Step 1. The PID controller parameters for the proposed
method are:

Kp = 1.25, Ti = 16 s, Td = 3.1416 s
In case of comparison the tuned parameters for AH method

(M=2) are:
Kp = 1.4605, Ti = 12.4938 s, Td = 3.0953 s,
b = 0.2939, c = 0.
Step 2. The highest possible values of b and c so that the

CS with PID tuned by the proposed method has strictly better
performance (except control signal maximum) comparing with
the CS with Astrom-Hagglund PID tuned parameters are calcu-
lated:

b = 1.3766, c = 2.4.
The results are presented on figure 6 and figure 7 and

generalized in table 4.

One can see from table 4 that despite the higher gain
margin, the CS with AH tuned parameters is not robust at all (the
sensitivity function have value higher than 1). The CS with pro-
posed tuned parameters is both faster and more robust for the
constraints over the control signal.

5. Conclusion

In this paper the authors present an original research - an
alternative method for 2DOF-PID controllers tuning for self-stabi-
lizing plants. A two-step procedure is proposed: in the first step
the basic PID parameters are tuned according to the maximum

Method Rise 
Time, s 

Settling 
Time, s 

σ , 
% 

( )tu
t

max

 
proposed 8.65 17.1 0 5.2 

AH 18.8 55 3 1.52 
 

Method Gain Margin Sensitivity 
function 

proposed 3.8626 0.9999 
AH 3.9397 1.1104 

 

Table 4. Comparative study indices

gain margin criteria, and in the second step additional weighting
coefficients for the reference signal in P and D parts of the PID
controller are tuned according to a maximum speed perfor-
mance criteria. The tuning expressions are worked out by Sym-
bolic Toolbox of MATLAB. Novel approximations of certain phase
characteristics are made as a basis of author�s new tuning
method for maximum gain margin and desired phase margin.
The test examples demonstrate the efficiency of the novel method
comparing with the well-known quality method of Astrom-
Hagglund: the control systems with tuned by the proposed method
modified PID show a substantially faster set-point response with
an admissible control signal magnitude. It is very important that
the proposed method does not make the CS robustness worse.
The choice of a 2DOF PID controller conforms the better CS
performance (increase signals speed with preserved system
robustness) if the coefficients b and c are tuned more suitable
than by the �traditional� in [1] values.
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